
PHY456 Lecture 10:

DependentAerationtheory

Time Dependent Perturbation Theory

Set up: i =No -1 m, (t) Time-dependentspectrum,
known States of Flo

it,142 =(40+ 1 F,(t)) /4>

in SE, but energy is no longer conserved.

Let the to State be some 14i) (could be cigenstate of Ful,

butwhat's the probability thatit isfound in another state

14K? Assume that both 14), 1447 are eigenstates of Fr.

A. P(14) at t=0, 144) 2+t) =1 (4f14i)12

where we assume 4, it are 1-normalized and

:(t) denotes the solution of

itE (i):(F+1FI) (i)

such that (5:(t=0)) =14:7.



Again, we said H. 14:)= Eil4:)

1. (41) =Ef141

and stationary states Holin) =Enlinh -> [lin), Any form a

complete set.

Since (in) are complete eigenstates basis, we can expand any
state

in terms ofstationary solutions:

14.(t= Z, Cnit) KinL (1)

with boundary condition (n10): Sri.

The Schrodinger equation implies

Ei ihin (n =2((nCt)Enkn) +CnIt) xF1, (t) lYn2)

->I (itinst) - En(n(t)) 1Yn)= x E (nCt I,(t) 14n) (2)

Withoutloss of generality, letcultl=e-* dult). Then

it (n-EnCn =e-iEt dn(t)

which implies

↳ieriEntdn(t) (Yn)
=x e-iEntdnIt) F,(t) 14n) (3)



Taking (4ml inner product under completeness,

↳iteientdn(t)Sam =x eiEntt dn(t) (4m/F, lYn)

->dmt) =
-e-iEEmit <YmI X El,(t)/Yn) duIt)

Thislooks similar to our PT before, so we'll expand dult) in

a series in 1:

diCt =dis(t) + x dist) + xdr(t) +...

At 0(11, di(t) =0 or die= constant.

and initial condition has dis-fai.

a(x), dct)=-ZeinEt(am). It and it
=>dit):-eiWmit (km1M, (t) (4i)

where wii-Ei

Integrating with dilo) =0 yields

dit)=-)* dee-iwmit' (4mlFl.(t) 14:)



the first order correction, with Cult=e-iEnHdult), implies that

It)) =e-
i (ri) - x2, e-Steinmit', ua) (4a)E, (t)14:)

&

equation (3)

The probability of transition between 14) -> 14th isthen

14114:21=/fe
- Eit -Esta eiweit at(47), It)14;))- Ex e

Pieflt fI)(eiwrit'de' (4f,(e)(4)(

Now, what if we turn on the interaction only for a finite

amount oftime?

H,(t)

Ho I st



We're really interested in the tea behaviour (tci):

Pief(t#)=)(eiwit(+1,t) 14:) at
↳

wri forrier transform componentof

14414, (414) matrixelement.

Questions:- When iskeeping 0(i) OK?

- what can we do with this?

SHO Perturbation

Let Ho = +Imw2y" with H,(t)=-qxe-tY=2
I

electric field which only works

on timescale -, ECt-O as t+b.

We will treat F,(t) perturbatively and find

2) It'seffect, assuming at to --a the

system is in ground state (0)

b) When the perturbation is ok...



Let'sstart with our derivation

Pinflto,) =E) aterwar netti
-

and 14:)= 10). Since XI, = -q ety: X

and x =w(Itz), (4A) can only be (II

from 24): 11.

The (11X10) =Vw

We find that

Pos-1 70,t) =twl)erwrite-tail
o

double (yet an erffil).

But let'sinstead ask of the total probability:

Pos -- In (-6,0) -) dterafit-+417
can integrate by completing the

square, we find

= -wr



-
which is equivalently the on-sin(t-tosse)limit.
-> For the answer to be sensible, however,

-wir/2
See x 1,

so how can are interpret it?

90X-max energy of perfubation

with X-an-width of ground state

-
w242

Dice - i. t. ctrl were

~ (energyofPerturbation]. Eee-(*en

I ↑
T is oscillator period

max strength of (natural timescale

E-field over
of system)

unperturbed energy

Implying that E. and I can be varied independently.
Butin this problem, observe that



area as far as

in
X

so the conditionis really thatit it
or that of do is"small"

Periodic Perturbation

Dinflto,t) =E) aterwar netlis
is the "master derivation?LetI,(H):eint, Ate-int

↑ ↑
and let to = 0: E. Ittime-independent

operators spanned
by eigenvectors of Mo.

Dief) =(dte(eint' (4l(i)+e- in+'(a44i)])
-[Ar iswitag eiletust

+ A iswims eile-wit
with Ari =(YflE(i), A = (414):(Aif*)



i(Wfi+w)

I-litle -- it lettest_)]
-[A witter sinkwethlt

iheut

+ Ar ww Sinult,
ihrult
I

=I (Af; erwitt.)+Afew-tewe

where WI =WpIW (very general -> hard to unpack)

Let'snow examine some cases:

1) Resonances:
transition to

Ef
e Ef> Ei State ↑

· W <0, and W =WFi= EF-E:shigher energy) Ei

W =
- WF=Ei-Ef atransition

to
↓

Ef

EfE:Starte Ei

Clow energal

Let'sexamine W=
=0 (lower E transistion) and W. =W+=2lf:

So W ==LOfi:

Pitf(H)-**1App(iy



-Ap(sine
Int
--Manans xtwalt
-

-

I
=Wtwfic?

We call W +wr =1w= the "width" of the resonance

When sw =0, Pi-f(H =a* (Afil"
fre "intensity ofresonance"

Hi- "width of resonance"
F

2)Regions of Validity

(A) - Resonant approximation (abovel,

keep switz, neglect switch
AW n4π

-

M M
I I I swt

Wit E
-Wit



Butshould be much larger than the

frequency distance between the two cares

so that no interference occurs:

~ ( Wfil

resoucence
=>tx- I z validity

(B) -Validity of first-order calculation:

DinfH) (w=lwe*** HAP
isall provided to Atil*

1storder validity

(A), (B) yield thatit wi

Here, we assumed the transistions between discrete eigenstates

of to, butwhathappens if the final state belonged

to a continuum spectrum?



Fermi's Golden Rule (Simplified)

Recall the time evolved stats (ki(t)) =14:7e"*tol

and define the discrete continuum 144)->, link

IiCt)) =(i)e(t-tol-Ze*-tol)dt'eiwnit' (n) (un)xE,CH11i)

As before, we consider the periodic perturbation
ot-int2,(H) =leint +A e We take

T- later...

-

when II,CH only cents for (-E,E] where Is Hol

Then:

1/1i) e
st-tu)

- eitst-tos ffeiwnt
14) (Anieiwt+ Ante-int']

=14:)e[Et-to) -x eiEttol pant

x [AniStadt'e"(nitult- Antiateitnitult']



Thus

Dief (t>E, if Piltol)

-As jt eilutust Attatelett

Next: T-D, and use (PeA* dt =2Hf(A)

↳
Tim sin(t) =2He

Therefore

Rief( +T, +-x) =2)A-2πf(w+wf) +Al. 248(wrwill
which, clearly, only one cannotbe zero, so far no loss of

generality he choose wiwei:

Pi-f (T, 5-1):111. 248(w-weilw
21810) =feitat=i

ar
Di-f(t, T-)_is2πf(w-wf)T

-transition
me

probabilityin

Fermi's Golden Rule



How does transition probability/unittime make sense? Some final states

are leftboth perturbed and unpertubed, a smooth density of states,

each with specific energy.

Integrating our final states isolates the state 14L

with energy w =wi given by f(w-wfl.

Decay Rate

TransitionProbability -rate (i-f): 4(14i)-(2+)

=2itirl(daq g(21) f(w-w1)
n
# of states with

<e([f, 2f +d(t)
with SI: tuf

S(w-wf) =a f(hw -kw+)

=21Aig(tw)
↑
density of final
States with

21 =kW1-



Born Approximation

Idea:Ho =E:free particle

II, =Y(r):scattering potential

and treat II, as perturbation acting from - I toE.

This isindeed time-independent, so instead use

II, =[(-) eirtteict ↓
-o

In other words:

-rER
I

r=0

So V(r) islike a small "bump" at the origin.

We had

Pitf(T, 5-0) =(Ail(+6(w-wfi) 2w-wit
⑨

doesn't really make sense for a

single state f since a f(wfil

and, of course, to has a continuous

Spectrum.



How to regulate?Let'stry to reduce the problem to a periodic

"box"in R':

! !
4(x+L) =4(x) =Px =24nxt

!
! ! -X

The free particle states are ei 2xx
5 =
e(- 1,0)

In R3, we similarly ham

Yi =ce"(X+y
+(z)

=zeP-X/ p=*(nx, y, uz)

Under normalization,

1=(ac-sincei

Our initial state isthen

(i) Ye,eP*/n
which forms a continuum in pas L-D.

Q:What is probability that attime tothe initial

State up,transistions into a setof states with



P t (small volume in p-spacel

We then can integrate over our final states with density PH1

(4i-f df nf
where IdPUIP) =total # of States in v

In 1-D, 4x=I et**, Px=24nxh
changing
/
AUx=1,1Py= 2h sodpx=2dax

but we could have another quantity (i.e. a matrix element) which

also depends on Px=2Exfrom which we integrateour the various

values of Rx:

"mux

2, f(Px==nx) =max flPx=E* nx)
nx =Main

-Taxt pxf(N

-In Sandpyf(x)

In IR3, easily goes into hP(dp f(p)

Implying that(piet.NCPA d8=J4-f 2h d'P

d



↑ ↑

over some region intransistion probability P-space
x*= (zeroes of fix

as before ...
in any chosen system f(x- x*)

f(f(x) =1f(x*))

This -

(inf IT, T- b)a t =i( lai 26(z-E) tt dPf
k

Afi =(e":-1).x/t v(x)d
I

- ( as (axe"-)y(x)".8)Pin
Pfdpf dif
in Pg-space

- *P:(dt (d e"-t).*y(x)
f ne

integration ("Pydpq8(--.) Soldere
cancels the 8-function
into (P61->1Pil.

Butafter T-so, we have

P(Pi-Ps, with 15:1-15, our diff

-P: 4(axx)e":-x/d2p+
time flux



Example:Initial State 4i=ile
"P.*/t

Probability CurrentI: =IP: 8 (***)
=i/pil probability current of instate.

probability flux ->(ji) =mt Pi

transition probe in time I =transition probe in unittime,
T

but transition probe in unittime diffioncross a
probability flux

Hence

P(PitPA, ilt, d) -I t(d (x)eli-

*drot

2

-(d ()ei-drpt

=dv(0,y)
↑

Born formula



Validity of Fermi's Golden Rule:

should now be
· Perturbation theory:T *A T

-
I A: energy

We also had to will w resolution

so the validity of resonance approximation is

nonoverlapping.

Probability over # final states around Ef:

2

TdE+(SinEEE, (states;slow rareeI I
Let x=E- EiT so dE.T=2dx so

24

Eit +y=24T2t/dx
Efit-

↑

far TK, Ef=Ei

The restrictions Tc E, **Afil are necessary but

necessarily sufficient- need next order term after this.




